The problem of magnetohydrodynamic natural convection boundary layer flow of an electrically conducting and optically dense gray viscous fluid along a heated vertical plate is analyzed in the presence of strong cross magnetic field with radiative heat transfer. In the analysis radiative heat flux is considered by adopting optically thick radiation limit. Attempt is made to obtain the solutions valid for liquid metals by taking Pr ( 1. Boundary layer equations are transformed in to a convenient dimensionless form by using stream function formulation (SFF) and primitive variable formulation (PVF). Nonsimilar equations obtained from SFF are then simulated by implicit finite difference (Keller-box) method whereas parabolic partial differential equations obtained from PVF are integrated numerically by hiring direct finite difference method over the entire range of local Hartmann parameter, n. Further, asymptotic solutions are also obtained for large and small values of local Hartmann parameter n. A favorable agreement is found between the results for small, large and all values of n. Numerical results are also demonstrated graphically by showing the effect of various physical parameters on shear stress, rate of heat transfer, velocity, and temperature.
Introduction
Until date, numerous authors discussed the flow of electrically conducting fluid in presence of transverse magnetic field and found interesting facts on the fluid flow and heat transfer. Magnetohydrodynamic (MHD) flow problems in fluid mechanics have been applied practically, for instance, in nuclear reactors Hartmann flow [1] reveal its application in the crossed-fields electromagnetic pumps. Consideration has been given to steady natural convection flow of electrically conducting fluid by various investigators such as Singh and Cowling [2] , D'sa [3] , Sears [4] , Riley [5] , Kuiken [6] , Wilks [7] , Hunt and Wilks [8] , and Wilks and Hunt [9] . All these studies reported only heat transfer effects in the strong cross magnetic field. Very recently, Siddiqa et al. [10, 11] extended the above studies and consider mass transfer effects as well and discuss the numerical and analytical results for small Prandtl number ð(1Þ.
The above cited investigations does not encounter thermal radiation effects which are important in context of space technology and processes involving high temperatures. The inclusion of thermal radiation effects in the energy equation leads to a highly nonlinear partial differential equation. In recent years, considering the Rosseland diffusion approximation, investigations on the natural convection flow as well as on the mixed convection flow of an optically dense gray viscous fluid past or along heated bodies of different geometries, such as, vertical and horizontal flat plate, cylinder, sphere, wavy surface and axisymmetric rotating and nonrotating bodies under different boundary conditions have been accomplished by Hossain et al. [12, 13] , Hossain and Rees [14] , Molla and Hossain [15] , and Siddiqa et al. [16] . In these analysis, consideration has been given to gray gases that emit and absorb but do not scatter thermal radiation. It's worth mentioning that in all the above studies the implicit finite difference method together with the Keller-box elimination technique posed by Keller [17] has been employed.
Liquid metals can be used in a range of applications because they are nonflammable, nontoxic and environmentally safe. This is why, liquid metals have number of technical applications in source exchangers, electronic pumps, ambient heat exchangers and also used as a heat engine fluid. Moreover, in nuclear power plants sodium, alloys, lead-bismuth and bismuth are extensively utilized heat transfer fluids (see Ref. [18] ). Besides that, mercury play its role as a fluid in high-temperature Rankine cycles and also used in reactors in order to reduce the temperature of the system. For power plants which are exerted at extensively high temperature, sodium is treated as heat-engine fluid. Thus, due to the industrial and technical importance of liquid metals, Prandtl number Pr is taken to be 0.005 (sodium), 0.05 (lithium), and 0.01 (mercury) at typical operating temperatures (see Hunt and Wilks [8] ).
In the strong cross magnetic field thermal radiation effects are not considered so far in the literature. Therefore, in the present analysis natural convection flow along a semi-infinite vertical plate of electrically conducting and optically dense gray fluid is studied in the presence of strong cross magnetic field and thermal radiation. Attention has been given to the special kind of fluids having low Prandtl number. The governing equations are reduced to convenient form by the introduction of SFF and PVF. Thus, the equations obtained by the former formulation (i.e., SFF) have been simulated by the implicit finite difference method along with the Keller-box scheme and the later one (i.e., PVF) is simulated by direct finite difference method together with Gaussian elimination technique. For the entire range of local Hartmann parameter, n, i.e., for 0 n 1, full numerical solutions are obtained with the two methods mentioned above. On the other hand, solutions for small and large n are also obtained with the help of series solution method and implicit finite difference (Keller-box) method, respectively. Consequently, the numerical results obtained for small, large and all n regions. The results are interpreted and compared graphically in view of wall shear stress and heat transfer rate by varying several physical parameters.
conducting and optically dense gray fluid in the presence of strong cross magnetic field having strength B 0 . The surface temperature of the flat plate, T w , is assumed to be higher than the ambient fluid temperature, T 1 . All the thermophysical fluid properties are considered to be constant and viscous dissipation effects are neglected. Further, it is assumed that ratio of thermal diffusivity to magnetic diffusivity is small, in order to avoid perturbation in basic normal field. The coordinate system and flow configuration of the problem are shown in Fig. 1 .
Using above assumptions and Boussinesq approximation, the boundary layer equations for conservation of mass, momentum and energy can be written as:
where u and v are the x and y-components of the velocity field, respectively, in the momentum boundary layer, T the temperature of the fluid in the thermal boundary layer, the kinematic viscosity of the fluid, r the electrical conductivity, B 0 the magnetic field normal to the plate, q the density of the fluid, g the acceleration due to gravity, j the thermal conductivity, a the thermal diffusivity and b the coefficient of volumetric expansion. Here, it is assumed that the applied magnetic field is large enough that buoyancy force becomes more dominant as compared to inertial forces. The term q r in energy equation represents radiative heat flux in the y-direction. The optically thick radiation limit (known as Rosseland diffusion approximation (see Ozisik [19] ) is considered here in order to reduce the complexity of the problem and to provide a means of comparison with further studies that might employ a more detailed representation for the radiative heat flux. Due to this assumption, the radiative heat flux q r is as given in Eq. (4).
which is valid only for intensive absorption. In Eq. (4), a is the Rosseland mean absorption coefficient, r s the scattering coefficient and r 0 the Stefan-Boltzmann constant.
The boundary conditions to be satisfied are uð0; xÞ ¼ vð0; xÞ ¼ 0; Tð0; xÞ ¼ T w uð1; xÞ ! 0; Tð1; xÞ ! T 1
Now we will concentrate on the solution of the boundary layer problem posed in Eqs. (1)- (5) . For this purpose stream function and primitive variable formulations are introduced which reduces the boundary layer Eqs. (1)- (5) to suitable form that can be used further to apply the appropriate numerical schemes.
Stream Function Formulation (SFF)
With the help of SFF we intend to transform the Eqs. (1)-(5) into a system of nonsimilar equations, which is appropriate for the entire region, i.e., from the leading edge to the downstream region. Therefore, following continuous transformations are employed which were initiated by Hunt and Wilks [8] for the semi-infinite vertical flat plate:
where w is the stream function which satisfies the equation of continuity, Eq. (1), and is defined as 
In Eq. (6), g is a dimensionless pseudosimilarity variable, Gr x the Grashof number which measures the ratio of buoyancy force to the viscous force acting on the optically dense gray fluid and n is termed as local Hartmann parameter which gives the ratio of magnetic force to the buoyancy force in the absence of thermal and viscous diffusivity. Thus, introducing Eq. (6) into the governing Eqs. (1)- (5), we acquire the following nonsimilar equations:
where Pr is the Prandtl number which measures the ratio of momentum diffusivity and thermal diffusivity, R d the Plank constant or the thermal radiation parameter which acts as a heat source due to the thermal radiation and h w the surface temperature parameter which gives the ratio of the surface temperature to the ambient fluid temperature. Mathematical expressions for these parameters are:
The boundary conditions to be satisfied are In their investigation, the authors obtain the full numerical solutions via algorithm based upon Keller box technique [17] . They firmly emphasized on the fact that for sufficiently large local Hartmann parameter, n, matched asymptotic expansion technique is appropriate in order to achieve consistency. However, for small n ordinary perturbation technique is employed. For R d ¼ 0:0 present model reduces to the one investigated by Hunt and Wilks [8] .
At this position shear stress and heat transfer rate can be calculated which are important physical quantities from engineering point of view. The mathematical relations for these quantities are:
The formulation obtained in Eqs. (8)- (11) have been integrated numerically via implicit finite difference method along with the Keller-box scheme, introduced by Keller and Cebeci [20] and subsequently their idea was exposed well by Cebeci and Bradshaw [21] . A brief discussion on the development of the algorithm of implicit finite difference method together with Keller-box scheme is as under.
To apply the aforementioned method, the nonsimilar Eqs. (8)- (9) subject to the boundary conditions, Eq. (11), are initially reduce to the system of first order equations in g as described below:
where
The boundary conditions are
The primes in Eq. (14) denote the derivatives with respect to g and mesh points in the g and n direction are symbolized by g i for i ¼ 1; 2; 3; …; M and n j for j ¼ 1; 2; 3; …; N, respectively. Afterwards, standard finite difference formulas are utilized to approximate the functions. Central difference approximations are made such that the equations involving n explicitly are centered at n jÀ1=2 ; g iÀ1=2 and the remainder at n j ; g iÀ1=2 , with
Ultimately, a set of nonlinear differential equations are obtained for the unknowns at n j in terms of their previous station at n jÀ1 . The resulting finite difference equations are nonlinear algebraic equations and are linearized by adopting Newton-Raphson method and finally solutions are acquired by using block-elimination algorithm. Numerical procedure is initiated at n ¼ 0:0, when distribution curves are provided for those unknown variables which emerges at the time of reduction of order. Keller box scheme takes the charge to solve the ordinary differential equations. Having obtained the leading edge solution it is possible to march step by step along the boundary layer. Numerical computations are done repeatedly until some convergence criteria is achieved. For the present problem, convergence criteria is taken to be 10 À6 , i.e., when jdf k j 10 À6 where k denotes the iteration number. Due to numerical complexities, nonuniform grid is chosen in the g-direction instead of uniform grid, which is defined by g i ¼ sinhði=aÞ with a ¼ 100 and N ¼ 301, whereas in the n direction grid size, Dn, is taken to be 0.02. This method has successfully been employed by Hossain et al. [12, 13] .
In the following section, we shall discuss and apply PVF on the governing Eqs. (1)-(5). This formulation is also used to obtain solution for entire n regime.
Primitive Variable Formulation (PVF)
Consider the following primitive variable formulations which are used to transform the Eqs. (1)- (5) into suitable form over which direct finite difference method along with the Gaussian elimination technique can be applied.
Using Eq. (16) in Eqs. (1)- (5) 
The 20) Practically, the physical quantities of interest are shearing stress and rate of heat transfer, which can be obtained from the following relations, respectively.
The parabolic partial differential equations obtained in Eqs. (17)- (20) have been integrated numerically with the aid of direct finite difference method along with the Gaussian elimination technique. Now a brief discussion is carried out on the establishment of the algorithm of direct finite difference method. The partial differential equations, Eqs. (17)- (20) , are discretized for numerical scheme using central-difference for diffusion terms and backward difference for the convection terms. Finally, a system of algebraic equations is obtained as given below: u
for 2 i L À 1 and 1 k L. Subscripts i and k represent the grid points along the y and n directions, respectively, whereas Dn ¼ n k À n kÀ1 and D y ¼ y i À y iÀ1 are the step sizes in their respective directions. The boundary conditions takes the form
Equations (23)- (25) leads to a tri-diagonal system of algebraic equations, which can be solved using Gaussian elimination method for the unknowns u and h independently. In the computa-
The computation is started at n ¼ 0:0 and then marches downstream implicitly. Here, 0.03 and 0.01 are chosen for the n and y girds, respectively. For a given value of n, the iterative procedure is stopped when the difference of present and the next computed value of unknown variable (such as velocity or temperature) is less than 10 À6 . Very recently, this method has been used successfully by Siddiqa et al. [22] in order to investigate extensively high Prandtl number effects on the natural convection flow over an inclined flat plate with internal heat generation and variable viscosity. Molla et al. [23] also used this numerical scheme, efficiently, to study natural convection boundary layer flow over a vertical wavy frustum of a cone in the presence of thermal radiation.
Thus, in Fig. 2 the numerical results obtained by this method are compared with that obtained from stream function formulation. In this figure skin-friction, s w , and rate of heat transfer, Q, are drawn against n while other parameters are R d ¼ 0:0; 1:0 and 2:0, 
Further consideration has been given to the regions, where the local Hartman parameter, n, is regarded to be small and large enough.
Asymptotic Solutions for Small and Large n
In this section, solution methodologies are discussed for small and large values of the local Hartmann parameter, n, and the results of both regions (small and large) are compared with solutions obtained in Sec. 3.
Solutions for Small n:
It's worth mentioning that the boundary layer structure is expected to be similar near the leading edge of the plate. For small n, the magnetic force is weaker in magnitude as compared to the buoyancy forces. Therefore, in the vicinity of the plate the electrically conducting fluid feels the influence of buoyancy force more dominantly as compared to any other force. The limiting case n ! 0 in Eqs. (8)- (11) leads to the nonsimilar equations valid for small n, therefore, with this condition we get the following equations for small n:
The boundary conditions are 
In order to obtain the solution of the Eqs. (27)-(29), series solution method is adopted which is valid for sufficiently small local Hartmann parameter, n. Thus, the unknown functions f g; n ð Þ and h g; n ð Þare expressed as:
Substituting the above expansions into Eqs. (27)- (29) and equating the coefficients of like power of n, we get coupled equations for each order of n. For the present analysis, series solution is acquired up to Oðn 1=2 Þ, in order to estimate the particular range of validity of series solution in contrast with the exact values. Leading order problem is given by the equations Similarly, for O n 1=2 , f 1 ðgÞ and h 1 ðgÞ satisfies the following linear system subject to the homogeneous boundary conditions and is given by:
It can be seen that system of equations given in Eqs. (31)- (33) and (34)- (37) are coupled and can be integrated sequentially with the help of Runge Kutta initial value solver introduced by Butcher [24] in connection with the iterative scheme of Nachtsheim and Swiegert [25] . In the light of physical parameters occurred in the present problem, pair of equations, Eqs. (31)- (33) and (34)- (37) are solved numerically and graphed in terms of shear stress and rate of heat transfer. These physical quantities can be computed from the following relations:
Now, we readily draw our attention on the system of equations valid in the downstream region, where local Hartmann parameter n is treated to be sufficiently large.
Solution for Large n:
For the downstream region (large n), the boundary layer is developed primarily due to the magnetic forces parallel to the surface of the plate. It should be noted that far from the surface of the flat plate buoyancy force effects are less effective whereas magnetic force looks to be more authoritative there. In this section, attention shall be given to the behavior of the solution to Eqs. (8)- (11) when n is large. For this, the dominant terms are balanced in magnitude and appropriate governing equations, as n ! 1, are found to be
The boundary conditions to be satisfied are f ð0; nÞ ¼ f 0 ð0; nÞ ¼ 0; hð0; nÞ ¼ 1 f 0 ð1; nÞ ! 0; hð1; nÞ ! 0 (42)
Here, Eqs. (40)- (42) are solved numerically by employing implicit finite difference method along with the Keller box technique [17] . Complete details of the method of solution are illustrated well in Sec. 3. However, a few facts need to be highlighted here. In numerical computation, condition at infinity is archived by selecting a suitable value of g. In the present analysis, g is chosen to be 5.0 or less, in order to achieve the asymptotic numeric values. Reasonable choice of net spacing Dgð¼ g i À g iÀ1 Þ and Dnð¼n j À n jÀ1 Þ makes the numerical results convergent and comparable which can be seen clearly in the Figs. 3-5.
The fundamental features of the flow, the shear stress and the heat transfer rate, are discussed for this region with the help of following expressions:
and
Now, discussion is carried out on the numerical results obtained in terms of wall shear stress, rate of heat transfer, velocity and temperature distributions in effect of the physical parameters such as radiation parameter, R d , surface temperature parameter, h w and Prandtl number, Pr. Graphically, an excellent agreement is found when solutions are compared for small, large and all n regions. It should be noted that all the results are obtained for liquid metals for which Prandtl number is considered to be small.
Results and Discussion
Underlying problem deals with the free convection flow of electrically conducting and optically dense gray fluid over a vertical plate in a strong cross field. Here we use the stream function formulation as well as the primitive variable formulation to convert the boundary layer equations in to a suitable form. Thus, the equations obtained by the former formulation have been simulated by the implicit finite difference method along with the Keller-box scheme; and the later one is simulated by direct finite difference method together with Gaussian elimination technique. Full numerical solutions for the whole range of local Hartmann parameter, n, are obtained from both the methods mentioned above. However, for the case of upstream (small n) and downstream (large n) regions numerical solutions are obtained respectively, with the help of series solution method and implicit finite difference (Keller-box) method. Details of the numerical computation is discussed in the earlier section. Physical interpretation has been given for the parameters controlling the flow within the boundary layer. It needs to mention that liquid metals are used as a working fluid which have tempting applications because of their ability to reduce temperature of the system. Due to the industrial and technical importance of such fluids, here Prandtl number Pr is taken to be 0.005, 0.05, and 0.01 which are appropriate for liquid metals, namely, sodium, lithium and mercury, respectively.
As mentioned earlier, Hunt and Wilks [8] Tables 1 and 2 , respectively, and compared with that of Hunt and Wilks [8] , for several values of Pr. Comparison shows excellent agreement between the present work and results given by Hunt and Wilks [8] .
6.1 Effect of Physical Parameters Pr, R d , and h w on Skin-Friction and Rate of Heat Transfer. The influence of fluids having Prandtl number Pr ¼ 0.005, 0.05, and 0.01, on shear stress, s w , and heat transfer rate, Q, is shown pictorially in Fig. 3 against n. However, other physical parameters are taken to be R d ¼ 1:0 and h w ¼ 1:1. From Fig. 3(a) it is observed that increase in Prandtl number, Pr, leads to the reduction in the magnitude of the shear-stress and on the contrary Fig. 3(b) depicts that rate of heat transfer enhances. It is expected, because of an increase in the value of Pr thermal conductivity of the fluid diminishes, which conclusively lessens the magnitude of frictional forces between the viscous layers. Due to this, shear-stress gradually becomes less strong while rate of heat transfer get enough support to grow firmly, in the vicinity of the plate. It is also clear from the figures that momentum and thermal boundary layer thicknesses increases considerably due to the increment in Pr. Now, the effect of thermal radiation parameter (Plank constant), R d ¼ 0:0; 1:0, and 4:0 is illustrated in Fig. 4 for h w ¼ 2:0 and Pr ¼ 0.05 on skin-friction, s w , and heat transfer rate, Q. In the absence of thermal radiation effects, i.e., for R d ¼ 0:0, the present results reduces to the one obtained by Hunt and Wilks [8] . Both Figs. 4(a) and 4(b) depicts that shear-stress and rate of heat transfer enhances considerably owing to increase in the thermal radiation parameter, R d . Due to the intense thermal radiation inside the boundary layer, rate of energy transport of the fluid is increased sharply which in turn give rise to the temperature of the fluid in the surrounding of the plate surface. This is why, heat transfer and shear stress get stronger, inside the boundary layer. Moreover, momentum boundary layer thickness happens to reduces as we increase thermal radiation parameter, R d .
The variation of shear stress, s w , and rate of heat transfer, Q, is inspected for h w ¼ 1:1; 2:0, and 3:0 in Fig. 5 with R d ¼ 2:0 and Pr ¼ 0.05. Here, notable enhancement is recorded for both shear stress and heat transfer rate as we intensify the surface temperature parameter h w . Such a behavior is possible because increment in surface temperature parameter, h w , leads to an increase in the motion of the fluid particles. This rapid increase in the motion of the fluid accelerates the flow rate near the plate. Thus, surface temperature parameter is responsible for the upraise in the temperature of the fluid and ultimately wall shear stress and heat transfer rate increases. Further, impact of surface temperature parameter tends to decrease the momentum boundary layer thickness.
6.2 Effect of R d , h w , and n on Velocity and Temperature Distributions. Here, we focus our attention on the effects of various physical parameters that appear in the problem and interpret them in terms of velocity and temperature profiles for the case of liquid metals.
Graphical representation of numerical values of velocity and temperature profiles are shown in Fig. 6 , for thermal radiation parameter R d ¼ 0:0; 1:0, and 2:0 and h w ¼ 1:1; 1:7 while other parameters take the values Pr ¼ 0.05 and n ¼ 1:0. Here, solid lines display the results for h w ¼ 1:1 whereas curves with symbol present the results obtained for h w ¼ 1:7. It is inferred from the figure that thermal radiation and surface temperature parameters have notable effects on the velocity and temperature profiles as electrically conducting and optically dense gray fluid is accelerated rapidly near the surface of the plate due to the enhancement in the values of R d and h w . Likewise, we find that the thickness of the momentum and thermal boundary layer becomes thinner as surface temperature, h w , increases. This result is anticipated since radiation and surface temperature enhancement extensively adds up thermal energy to the fluid, which leads to an increase in the temperature of the fluid and eventually causes the velocity and temperature profiles to increases inside the boundary layer.
Finally, we draw our attention towards the influence of local Hartmann parameter n. In Fig. 7 , velocity and temperature distributions are depicted for n ¼ 0:0; 1:0, and 10:0 while remaining parameters are R d ¼ 1:0, h w ¼ 1:1, and Pr ¼ 0.05. It is observed that velocity of the fluid decreases exclusively for the increase in the local Hartmann parameter n whereas temperature of the fluid tends to increase. Near the vicinity of the plate it is observed that velocity shoots up sharply and after attaining its maxima it settles down to its asymptotic values. The maxima occurs at 1.09008, 0.950407, and 0.946084 for n ¼ 0:0; 1:0, and 10:0, respectively, which shows that velocity reduces effectively and numerical experiments shows that for n ¼ 10:0, we achieve asymptotic velocity profile. In addition, it is noticed that in Fig. 7(a) velocity curve for n ¼ 0:0 intersect the other curves at g ¼ 0:646605 and decreases more quickly as compared to others. Conclusively, we can say that momentum boundary layer thickness increase for the increase in the values of n. Physically it happens since increment in the local Hartmann parameter, n, causes the magnitude of buoyancy forces to become less effective as compared to the magnetic forces that play dominant role when n is large and as a result velocity decreases significantly. Moreover, velocity distribution diminishes by 13:2386% as n increases from 0.0 to 10.0.
Conclusions
In this paper, we have studied the thermal radiation interaction on the two-dimensional free convection flow of an electrically conducting and optically dense gray viscous incompressible fluid over a semi-infinite vertical flat surface. The problem is studied under the influence of strong cross field and consideration has been given to those working fluids which act as liquid metals. For entire range of local Hartmann number, n, the governing equations are reduced to parabolic partial differential equations using SFF and PVF which are then integrated by employing the Keller box method and the direct finite difference method. Asymptotic solutions are also obtained for smaller and larger values of n. The numerical values thus obtained are discussed in terms of various physical parameters, such as, thermal radiation parameter, R d , surface temperature parameter, h w , local Hartmann parameter, n, and Prandtl number, Pr. Velocity and temperature distributions are also analyzed critically in effect of several parameters. It is found that wall shear stress and heat transfer rate enhances owing to the increase in the radiation parameter, R d , and surface temperature parameter h w . However, velocity and temperature profiles drawn for local Hartmann parameter, n, show that asymptotic profile is achieved at n ¼ 10:0. 
